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Temperature dependence of vibrational modes in semiconductors depends on lattice thermal ex-
pansion and anharmonic phonon-phonon scattering. Evaluating the two contributions from exper-
imental data is not straightforward, especially for epitaxial layers that present mechanical defor-
mation and anisotropic lattice expansion. In this work, a temperature-dependent Raman study in
epitaxial Ge and Ge1-xSnx layers is presented. A model is introduced for the Raman mode energy
shift as a function of temperature, comprising thermal expansion of the strained lattice and anhar-
monic corrections. With support of x-ray diffraction, the model is calibrated on experimental data
of epitaxial Ge grown on Si and Ge1-xSnx grown on Ge/Si, finding that the main difference between
bulk and epitaxial layers is related to the anisotropic lattice expansion. The phonon anharmonicity
and other parameters do not depend on dislocation defect density (in the range 7 ·106 – 4 ·108 cm-2)
nor on alloy composition in the range 5-14 at.%. The strain-shift coefficient for the main model
of Ge and for the Ge-Ge vibrational mode of Ge1-xSnx is weakly dependent on temperature and is
around -500 cm-1. In Ge1-xSnx, the composition-shift coefficient amounts to -100 cm-1, independent
of temperature and strain.

I. INTRODUCTION

Temperature dependence of vibrational modes in solids
is driven by anharmonicity of the interatomic potential,
which induces a shift of the phonon energy as a function
of temperature, via two mechanisms: the direct (explicit)
effect of high-order terms of the potential and the ther-
mal lattice expansion[1]. Anharmonicity is relevant in
fundamental studies of electron-phonon interaction and
phonon scattering associated to heat transport[1]. On
the practical side, phonon energy is measured by Raman
spectroscopy, a technique of choice to investigate materi-
als and microdevices with a fast turnaround and a non-
destructive method. Raman spectroscopy can measure
strain and composition of semiconductor alloys[2], or be
employed as a thermometry method[3, 4]. All these quan-
tities (temperature, strain, composition, anharmonicity)
shift the modes’ energy with comparable order of magni-
tude (a few cm-1), which makes a quantitative assessment
of anharmonic contributions difficult.

These characterizations are especially relevant for ap-
plications in optoelectronic devices such as lasers, whose
performance depends critically on the ability to control
the band structure through alloying and strain, operating
over a broad range of temperature. A reliable method is
especially required to support the development of group-
IV, CMOS-compatible light sources[5–10]. Additionally,
thermoelectrics with group-IV alloys[4, 11, 12] requires
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the assessment of phonon scattering mechanisms, which
depend on the anharmonicity[13].

Such devices typically comprise heterostructures of Si,
Ge, Sn, and their alloys, which are grown epitaxially onto
Si and Ge substrates[14]. The thermal budget and me-
chanical constraints during deposition and processing re-
sults in mechanical deformation in the heterostructure
and in biaxial strain of the epilayers, whose thermal ex-
pansion differs from a bulk material[15]. The phonons
in strained layers shift with respect to the bulk, because
the elastic constants depend on the deformation[16]. In
the practice of Raman spectroscopy, strain ε and com-
position x are evaluated assuming a linear shift of the
phonon energy ω = ω0 + ax + bε (where ω0 is the en-
ergy for the unstrained material). The coefficients a, b
are obtained from calibration samples whose composition
and lattice deformation is known thanks to independent
measurements, e.g. x-ray diffraction (XRD)[17–20]. The
temperature dependence of these modes’ energy must be
analyzed in the context of the constrained expansion.

All the features of temperature-dependent Raman
scattering are also inherently correlated to the determi-
nation of phonon scattering mechanisms, especially in
alloys. As mentioned above, this is relevant for several
applications, and a clear understanding of these mech-
anisms can elucidate the role of alloy order/disorder
configuration. Recent results show that Ge1-xSnx and
silicon-germanium-tin can have peculiar configurations
different from the random alloy ordering, depending on
Sn content and thermodynamic conditions [21–23]. Here
temperature-dependent Raman measurements will pro-
vide useful insight. Additionally, lab-scale Raman spec-
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troscopy is a preferred alternative to methods that re-
quire large-scale facilities or destructive sample prepara-
tion, such as x-ray absorption fine structure (EXAFS)[24]
or atomic probe tomography (APT)[25].

Considering these practical and theoretical interests,
in this work we aim to establish a method for extracting
relevant parameters related to the anharmonicity of the
phonons, together with a, b, from temperature-dependent
Raman spectra. As model systems, and for the applica-
tion interest, we will consider Ge and Ge1-xSnx epitax-
ial layers grown by chemical vapor deposition (CVD), of
quality suitable for optoelectronics applications.

II. THEORY

We study the effect of thermal expansion on the energy
of the modes ωE(T ) with the equation [1, 26]

dωE = −ωE

∑
ij

γijdξij , γij = − 1

ωE

∂ωE

∂ξij
(1)

where γij is the (tensor) Grünheisen parameter and ξij is
the deformation tensor of the unit cell by effect of tem-
perature or external forces. Introducing the coefficient of
thermal expansion (CTE) αij = (∂ξij/∂T ) and integrat-
ing the previous equation from a reference temperature
T0, we obtain

ωE(T ;ω0, α, γij) = ω0 exp

−∑
ij

γij

∫ T

T0

αij(t)dt

 . (2)

In the case of a cubic material, such as bulk Ge, that is
free to expand and contract under the effect of tempera-
ture, the tensors are proportional to the identity matrix,
e.g. CTE are diagonal with α11 = α22 = α33 = α0.
Similarly, the Grünheisen parameter is γ0, and there is
a single lattice parameter a0, with α0 = (∂a0/∂T )/a0.
In contrast, for the case of epitaxial layers, such as Ge
grown on Si, the thermal expansion is constrained by the
substrate. In this case, the epilayer is biaxially strained,
as its lattice parameters and CTE are different from the
substrate. Thus, the epilayer features a tetragonal lat-
tice with parameters a∥, a⊥ for the directions parallel
and perpendicular to the interface, respectively. Sim-
ilarly, the tensor quantities (γ, α, ε) are diagonal in
the reference frame aligned with the crystal axes, e.g.,
α11 = α22 = α∥, α33 = α⊥. The strained lattice param-
eters are given by aj = a0(1 + εj), with j =∥,⊥. With
these definitions, the CTE becomes

αj =
1

aj

∂aj
∂T

=

1

a0(1 + εj)

∂a0(1 + εj)

∂T
= α0 +

∂ ln(1 + εj)

∂T
.(3)

The parallel expansion is constrained to that of the
substrate αS , i.e. α∥ = αS . Additionally, the elastic

properties of the epilayer tends to keep its volume con-
stant, yielding the constraint ε⊥ = −Kε∥, with K =
−2C12/C11 = 2ν/(1−ν), where Cij are the stiffness con-
stants referred to the crystal axes and ν the Poisson’s
ratio[16].

Integration of Eq. 3 between T0 and T , using the elas-
tic constraints, gives the thermal expansion for several
quantities of interest, reported below for convenience:

a∥(T )

a∥(T0)
= exp

[∫ T

T0

αS(t)dt

]
(4a)

a⊥(T )

a⊥(T0)
= exp

[∫ T

T0

((1 +K)α0(t)−KαS(t)) dt

]
(4b)

1 + ε∥(T )

1 + ε∥(T0)
= exp

[∫ T

T0

(αS(t)− α0(t))dt

]
(4c)

The Raman mode energy dependence on temperature
and strain can be obtained from Eq.1. At fixed temper-
ature T , the effect of strain is

ωE(T, ε∥)

ωE(T, ε∥ = 0)
=

ωtetra(T )

ωcubic(T )
= exp

[
−(2γ∥ −Kγ⊥)ε∥

]
≈ 1 + βε∥ (5)

where the symbols ωtetra and ωcubic are introduced for
the strained and unstrained case, respectively, and β =
−(2γ∥ − Kγ⊥). The last equality, valid for small strain
(e.g., thermal strain is 10-3), can be compared with
the commonly assumed linear relation ω(ε∥) − ω(ε∥ =

0) = bε∥, with b(T ) = β · ωcubic(T ). For Ge, assum-
ing γ∥ = γ⊥ = γ0 ≈ 1.3 and ω0 ≈ 300 cm−1, we find
b ≈ −500 cm−1, comparable with reported values (see
Ref. 17 and Refs. therein). b depends on the temper-
ature as the phonon energy in an unstrained material
ωcubic(T ).

The temperature dependence ωE(T ) is obtained from
Eq. 2 knowing the αjs and γjs as

ωE(T )

ωE(T0)
= exp

[
−
∫ T

T0

(
2γ∥α∥(t) + γ⊥α⊥(t)

)
dt

]
. (6)

The αj(T ) can be measured by XRD or obtained from
known CTE. Vice versa, the measurement of ωE(T ) al-
lows to extract the values of γj , provided the knowledge
of CTE.

An alternative formulation of Eq. 6 as explicit function
of the biaxial strain ε∥ is

ωE(T, ε∥)

ωE(T0, ε∥ = 0)
= exp

[
−(2γ∥ + γ⊥)

∫ T

T0

α0(t)dt

]
× exp

[
β ε∥(T )

]
. (7)
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FIG. 1. Calculated temperature dependence of the energy
shift ∆ω = ω(T )− ω(90K) for bulk Ge and a strained Ge/Si
layer. Expansion (label “exp.”) and anharmonic terms, and
their sum (expansion+anharmonic, label “tot”) are reported.
The anharmonic term (orange solid line) is the same for both
Ge and Ge/Si. For the expansion term (and thus the total),
the tensile strain in Ge/Si result (dashed lines) gives a shift of
the energy. The parameters for the calculation are ωcubic

0 =
304 cm-1, γ0 = γ∥ = γ⊥ = 1.3, K = 0.75, A3 = 1 cm-1,
A4 = 0, ε(T0) = 0.2%, and αGe and αSi from Ref. 29.

In Eq. 6, the anisotropic lattice expansion is used,
while in Eq. 7 the strain appears explicitly. Note that
the energy scale is different: in Eq. 7, it is the energy at
T0 of an unstrained, cubic crystal ωcubic

0 , while in Eq. 6,
it is the energy at T0 for the tetragonal crystal (ωtetra

0 ).
The explicit anharmonicity adds a correction ∆ωA(T )

to ωE(T ) arising from high-order terms in the atomic po-
tential at fixed volume. ∆ωA depends on the magnitude
of the anharmonic interaction and the phonon density of
states[27]. Rather than a calculation over the phonon
branches, we considered a simplified model derived from
Klemen’s model with two terms (3- and 4-phonon inter-
action) and a simplified density of states[27, 28]:

∆ωA(T ;ω0, A3, A4) = −A3

[
1 +

1

e0.35x − 1
+

1

e0.65x − 1

]
−A4

[
1 +

3

ex/3 − 1

1

(ex/3 − 1)2

]
(8)

with x = ℏω0/(kBT ). These terms account for the loss of
energy of the phonon to other phonons; the coefficient A3

is positive. Often, the 4-phonon term is ignored (A4 ≈
0)[28]. The complete formula is

ω(T ) = ωE(T ;α, ω0, γ) + ∆ωA(T ;ω0, A3, A4). (9)

Fig. 1 shows the shift ∆ω(T ) = ω(T ) − ω(T0) calcu-
lated with Eq. 9 for bulk Ge and a Ge/Si heterostruc-
ture, as well as the expansion ωE(T ) − ωE(T0) and an-
harmonic ∆ωA(T )−∆ωA(T0) terms. Anharmonicity and

thermal expansion have comparable effect, and the epi-
layer case also shows a non-negligible shift. For alloys
such Ge1-xSnx, the effect of composition will be included,
as discussed below.

III. RESULTS AND DISCUSSION

The model must then be calibrated using samples with
known strain and composition, to derive the relevant pa-
rameters such as γjs and Ais. Therefore, we investigated
several samples by Raman spectroscopy and XRD. Ra-
man spectra as a function of temperature were acquired
with excitation of 532 nm and a spectral resolution of
around 0.7 cm-1. A liquid nitrogen cryostat controlled
the temperature in the range 90-400 K. A selection of
experimental spectra is shown in the Appendix, Fig. 4.

The lattice parameters as a function of temperature
were measured by high-resolution XRD reciprocal space
mapping. The tool featured a 9 kW rotating Cu An-
ode using line-focus geometry and was setup with a
Ge(400)x2 channel cut monochromator. The sample en-
vironment was adjusted with a DCS 500 cooling stage en-
abling vacuum below 10-1 mbar and temperatures down
to 90K. Temperature was calibrated with known Si and
Ge wafers. The 004 and 224 Bragg positions were ex-
tracted from specular and asymmetric reciprocal space
maps (RSMs), respectively. To obtain the parallel a∥ and
perpendicular a⊥ lattice constant a biaxial strain model
was applied assuming a tetragonal distortion[30]. The
lattice spacing dhkl from a reflection hkl is given by

1

d2hkl
=

h2 + k2

a2∥
+

l2

a2⊥
. (10)

In this way, from d004 a⊥ is calculated, while d224 allows
to calculate also a∥. An example of RSM at low temper-
ature is shown in the Appendix, Fig. 5, together with
specular rocking curves of selected samples.

As a first case, a wafer of pure Ge (“bulk Ge”) was
studied, to evaluate Ais and γ0. Fig. 2a reports the tem-
perature dependence of the energy of main peak as empty
squares. It was analyzed as a cubic, unstrained material
to obtain the best fit values in Table I and the relative
line in the Fig. 2a. The parameter γ0 was compatible
the reported value of 1.29[29]. A3 is in the order of the
cm-1 and A4 is much smaller (close to 0 cm-1).

Next, we considered a Ge/Si sample[31] with thick-
ness 4.7 µm and a Ge0.86Sn0.14(470 nm)/Ge(3.5 µm)/Si
sample[4]. The heterostructures were grown on the (001)
surface of Si substrates. For the Ge1-xSnx case, we con-
sider the peak of the main mode, assigned to Ge-Ge pair
vibrations[21]. The values are reported as full diamonds
in Fig. 2a. The temperature-dependent spectra for this
sample are reported in the Appendix, Fig. 4b. For the
Ge/Si, peak position is reported as full circles. The spec-
trum at 90 K is shown in Fig. 4a.

The Raman peaks shifts to lower energy as tempera-
ture increases, and are at lower energy with respect to Ge
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FIG. 2. a) Peak position as a function of temperature for
the main Raman peak of a a Ge bulk sample, a Ge/Si and
a Ge0.86Sn0.14/Ge/Si heterostructure. Symbols are obtained
as median of experimental data at 25 different positions, lines
are the best fit described in the text. b) Thermal expansion
in direction parallel (∥) and perpendicular (⊥) to the inter-
face. Values are reported as ai(T )/ai(T0 = 90K) − 1. Lines
were calculated as discussed in the text. c) Biaxial strain as
measured by XRD and as calculated from the Raman data
for the Ge/Si and Ge0.86Sn0.14/Ge/Si samples in panel a.

as result of strain and Sn content. The epitaxial strain
in these samples enables the study of the anisotropy in
αjs and γjs, using eqs. 6 and 9.

For this analysis, we measured the lattice thermal ex-
pansion via XRD for both parallel and perpendicular di-
rections (reported as symbols in Fig. 2b), as described
before. These measurements were well reproduced by
Eq. 4, whose predicted values are reported in the figure
as solid lines, while the dashed line refers to the lattice
parameter of bulk Ge. The calculation used αS = αSi,
α0 = αGe, K = 2 · 0.373,[17] and reference values for
the Si and Ge CTE[29, 32], verifying the elastic con-
straint on the thermal expansion[15]. Both Ge/Si and
Ge1-xSnx/Ge/Si follow the predicted trend. For the lat-
ter, the Ge layer was thin enough, so that the parallel
expansion is dominated by the Si substrate. The good

TABLE I. Best fit parameters for temperature-dependent
Raman mode shift. Values with asterisks are calculated as
ωcubic
0 = ωtetra

0 exp(−βε∥) with the strain ε∥ measured by
XRD and b = β · ωcubic

0 . Reference temperature is T0=90 K.

Bulk Ge Ge/Si Ge0.86Sn0.14/Ge/Si
ωcubic
0 (cm-1) 304.2±0.1 304.7±0.3* 292.4±0.7*

ωtetra
0 (cm-1) - 303.6±0.1 294.8±0.2

γ0 1.2±0.2 - -
γ⊥ - 1.3 ± 0.1 1.3±0.3
γ∥ - 1.3 ± 0.2 1.3±0.3
β = −2γ∥ +Kγ⊥ - -1.66±0.45* -1.64±0.53*
A3 (cm-1) 0.77±0.07 1.0±0.1 1.1±0.2
A4 (cm-1) 0.04±0.01 0.018±0.009 0.001±0.02
b(90K) (cm-1) - -510±140 -470±150

match between experimental and calculated values sug-
gests also that the dependence of CTE and Poisson’s ratio
on Sn content is negligible at this composition.

For the epitaxial layers, the best fit values (Table I)
show that γ∥ and γ⊥ have similar values and matched
with γ0 of bulk Ge, within their uncertainty. Indeed,
from a microscopic point of view, the γjs derive from the
change of the interatomic potential with respect to the
deformation of the crystal. Thus, a small anisotropy (as
that in the epitaxial layers) will be negligible. The A3 was
slightly larger than bulk for both Ge/Si and Ge1-xSnx,
and A4 is negligible.

The strain in Ge/Si causes the shift with respect to
bulk Ge as observed in Fig. 2a. The strain as a function
of temperature can be calculated from Eq. 7 as

ε∥(T ) =
1

β
ln

{
ω(T )−∆ωA(T ;ω0, A4, A4)

ωcubic
0

×

× exp

[
(2γ∥ + γ⊥)

∫ T

T0

α0(t)dt

]}
. (11)

In Fig. 2c, we compare the strain measured by XRD
and derived from Raman data, finding a good match and
supporting the use of our model for strain estimation.

To validate the results, we have investigated a series
of Ge/Si samples with different thickness and threading
dislocation density (TDD) over more than one order of
magnitude (7 · 106 − 4 · 108 cm-2)[31]. The Ais and γjs
were found to be independent of the sample, while ωtetra

0

changes slightly, matching XRD-measured strain.
For Ge1-xSnx, ωcubic

0 shifts with respect to Ge because
of alloying. Indeed, in a series of Ge1-xSnx/Ge/Si samples
(x = 5−14at.%), the major effect was a shift of the ωcubic

0

to lower energy as x increases (Fig. 3a). Using the XRD-
measured strain and fitting the temperature-dependent
Raman shift, we studied the effect of x independent on
the strain. As expected (see Ref. 21 and Refs. therein),
a linear trend was found. The linear regression ωcubic

0 =
ax + ω∗ yielded a = −100 ± 20 cm-1, and ω∗ = 308 ± 2
cm-1at 90 K. The procedure was repeated in the range 90
K - 350 K. The coefficient a(T ) was found constant within
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the error, while ω∗(T ) follows Eq. 2 as an unstrained
layer with ω0 = 307± 1 cm-1 and γ0 = 0.9± 0.1.

The other parameters were independent of composition
within the error, supporting the robustness of values in
Table I. The coefficient A3 (Fig. 3b) was slightly larger
than the Ge/Si and Ge cases, but without clear depen-
dence on x.

A dependence of A3 (i.e., of the anharmonic part of
the interatomic potential) on the Sn content may be ex-
pected, given the higher mass of Sn with respect to Ge,
despite the low content in the layer under investigation
(below 14 at.%). Nonetheless, recent theoretical stud-
ies [22, 33] have highlighted that the silicon-germanium-
tin alloy system may have multiple local-order configura-
tions, depending on the composition and thermodynam-
ics of the growth, and the local order affects the Raman
scattering as well[21]. Thus, a straightforward depen-
dence of the anharmonicity on composition may be dif-
ficult to predict. Indeed, the measured independence of
A3 from x and TDD confirms the analysis based on the
peak width in Ref. 34, suggesting that more detailed
investigation may be needed on a broader selection of
samples.

The anharmonic interaction and its dependence on
composition is also relevant for thermal conductivity[35],
with implications for thermoelectrics and optoelectronics
device design. Here, several phonon scattering mecha-

nisms are active, including alloy disorder[36], and size of
crystallites or microstructures[37]. The very weak effect
of composition on A3 suggest that alloy and other form of
disorder are dominant in phonon scattering, and possibly
exclude phonon-phonon interaction as a mechanism for
variation of thermal conductivity in alloy samples with
comparable composition[4, 38, 39].

Finally, the coefficient β had similar value for Ge and
Ge1-xSnx independent of composition and TDD. The
strain-shift coefficient b = βω(T, ε = 0) was b ≈ 500
cm-1, a value in line with literature (Ref. 17 and Refs.
therein). For Ge1-xSnx, b depends on composition as
b = βω(T, x, ε = 0) = β · (ω∗(T ) + ax). Nonetheless,
its variation was inside the experimental error. Thus, in
many cases it will be a sufficient approximation to use
the same value for Ge1-xSnx independent of x, e.g. to
measure the strain distribution in microdevices such as
lasers operating at cryogenic temperature.

The samples investigated in this work belonged to a
class of high-quality heterostructures with low Sn con-
tent, so that the comparable extracted values of the pa-
rameters, as shown in Table I and Fig. 3 may not be
surprising. However, as discussed before, the complexity
of this alloy system requires a detailed and careful in-
vestigation. Future work can go in the direction of the
ternary alloy silicon-germanium-tin, as well as to high-Sn
content Ge1-xSnx obtained, e.g., by MBE. Additional ex-
perimental techniques, such as EXAFS, APT, or neutron
scattering, may give further insight on these issues.

IV. CONCLUSIONS

In conclusion, we investigated temperature-dependent
Raman shift in epitaxial Ge and Ge1-xSnx using a model
that includes anisotropic thermal expansion of epitaxial
layers. This allows to separate the effects of strain from
explicit anharmonicity and to determine the anisotropic
Grünheisen parameters and anharmonicity strength.

The anharmonicity is rather independent of defect den-
sity and composition of the layers. The phonon energy
shifts linearly with strain and composition, and we es-
timated the strain-shift coefficient b ≈ −500 cm-1, that
is weakly dependent on temperature and sample. For
Ge1-xSnx alloys, this model yields a strain-independent
composition coefficient a, also weakly dependent on tem-
perature, a = −100± 20 cm-1.

The calculated parameters for Ge/Si and
Ge1-xSnx/Ge/Si can be directly used for measure-
ments of composition and strain for any temperature, or
in thermometry experiments. The model can be applied
in general to epitaxial materials to assess the relevance
of anisotropic expansion and anharmonicity.
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Appendix A: Raman spectra and XRD data

Fig. 4a shows a selection of Raman spectra of Ge
and Ge1-xSnx layers at low temperature. Panel b
shows the temperature evolution for the case of the
Ge0.86Sn0.14/Ge/Si sample.

Fig. 5 shows the XRD data. A RSM mea-
sured at low temperature is shown in panel a for the
Ge0.86Sn0.14/Ge/Si sample, and a series of temperature
dependent curves for the same sample are in panel c.
Panel b shows curves for the same samples as in Fig. 4a.
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