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Abstract—Ultra wide-band terahertz (THz) radio links
are envisaged for high-throughput and low-latency radio
communication from server to virtual reality (VR) head-
mounted display (HMD). Orthogonal radio frequency
(RF) beamforming is suitable for such extremely high-
frequency radio links owing to the propagation charac-
teristics. For RF beam training, the transmit-receive (Tx-
Rx) beam combination yielding maximum received signal
strength indication (RSSI) is selected. For complex sig-
nals employed in typical I/Q architecture communication
systems, especially for THz frequencies, RSSI is Rayleigh-
distributed. Receiver noise can cause false beam selections
manifesting in communication rate loss. In this paper,
analytically derived closed-form expressions and lower
array dimension Monte Carlo (MC) simulation results for
such noise performance evaluation have been presented.

Index Terms—Terahertz (THz) communications,
Rayleigh-distributed RSSI, Orthogonal RF beamforming,
Noisy RF beam training, Communication rate loss,
Sparse MIMO channels.

I. Introduction

Terahertz frequencies (0.1 to 10 THz) are be-
ing been researched upon to alleviate the spectrum
crunch for broadband wireless communications [1],
[2], [3], [4]. Applications such as virtual reality
(VR)/augmented reality (AR) are driving the expo-
nentially increasing demand for terabits-per-second
(Tbps) wireless connectivity in indoor spaces. Cur-
rently, VR head-mounted displays (HMDs) come along
with heavy backpacks to be carried by the user. THz
spectrum has the potential to provide high-throughput
and low-latency radio communication from the VR
server to HMDs thereby enabling the mobile users to
enjoy VR/AR experience without carrying the back-
pack. VR/AR latency requirements are very strict in
order to prevent cybersickness [5], [6]. Such THz radio
communications for VR/AR applications rely on com-
pact transceivers with very small form factors towards
the ultimate goal of system-on-chip (SoC) realisation.

Using IHP’s 130 nm SiGe BiCMOS technology, half
wavelength dipole array configuration is one of the
options for on-chip antenna array design.

Owing to higher free-space path loss (FSPL),
higher atmospheric absorption, narrow beams, and
small angle-spread multiple input multiple output
(MIMO) channels at such high frequencies typically
have only a few multipath components for communica-
tion i.e. such MIMO channels are sparse in beamspace
[7], [8], [9]. Orthogonal RF beamforming is relevant
for such systems due to its low power consumption,
low cost, and low training overheads. Low power
consumption is an extremely important advantage of
analog beamforming for sparse MIMO channels in
view the fact that the carbon footprint of information
and communication technology (ICT) systems was as
large as that of global air travel in 2008 [10]. The
deployment of ICT systems has been growing since
then and is highly likely to grow further in coming
years.

For an N element uniform linear array (ULA), N
orthogonal beams can be formed [11]. The beams are
said to be orthogonal to each other if at the peak of one
beam all other beams have their nulls. This minimises
the spatial correlation or the inter-beam leakage among
different beams. It is easier and more efficient to learn
sparse THz MIMO channels in beamspace rather than
in the spatial signal space [12]. Typically, the line-of-
sight (LoS) is the dominant path for communication.
For indoor scenarios, the angle spread is typically
likely to be less than 40◦ [3]. For such applications, RF
beam training is instrumental not only for quick Tx-Rx
beam alignment but also for beam-based localisation.
The work reported in this letter is relevant for any
sparse MIMO communication system.

Multi-level beam selection [13], [14] is the state-of-
the-art algorithm for RF beam training as compared to
an exhaustive beam search since it offers significant
savings in training overheads. For exhaustive beam
search, all possible Tx-Rx beams combinations are
tested for the maximum RSSI as seen in Figure 1.
Whereas for multi-level beam search progressively nar-
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Figure 1. Illustration of Exhaustive RF beam search.

rower beams are used in multiple levels of beam train-
ing to search the best RSSI Tx-Rx beam combination
only for the angular sector identified by the preceding
level beam search as illustrated for only two levels at
Tx in Figure 2 [13], [14]. Multi-level beam search is
also known as hierarchical beam search or tree-based
beam search.

The additive white Gaussian noise (AWGN) in the
receiver can cause RSSI to be greater for a false beam
combination as compared to the correct beam combi-
nation corresponding to actual multi-path component
(MPC). Such false beam selections owing to receiver
AWGN cause communication loss. Communication
loss analysis in [12] assumed Gaussian distribution for
RSSI. For complex Gaussian signals, as is commonly
the case for I/Q i.e. quadrature receiver architecture,
the beam selection is done on the basis of Rayleigh-
distributed RSSI.

In context of such Rayleigh-distributed RSSI, this
paper presents analytical derivations for the probability
of correct beam training in presence of independent and
identically distributed (i.i.d.) complex AWGN noise
and mean communication rates on account of false
beam selections for both exhaustive and multi-level RF
beam-search techniques using orthogonal analog RF or
intermediate frequency (IF) beamforming codebooks.
The analog phase shifting can be implement either at
the final RF level or IF level or the local oscillator
(LO) level. The presented results hold good for any of
these implementations. Preliminary Monte Carlo (MC)
simulation results validating the analytically derived
closed-form expressions have also been presented.

The rest of the paper is organised as follows: Sec-
tion II describes the system model, Section III specifies
the problem statement, Section IV presents analytical
derivations of closed-form expressions for the noise
performances of the two RF beam-search algorithms,
Section V presents Matlab simulation results, and Sec-
tion VI summarises and concludes the paper.

The following notations have been used: X is
a matrix, x is a vector, x is a scalar, CN is N
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Figure 2. Illustration of Multi-level RF beam search [13], [14].

dimensional complex space, ∼ denotes “distributed
as”, x ∼ N (0, σ2) is a complex Gaussian random
variable with zero mean and σ2 as its variance, E[.] is
expectation operation, ‖x‖2 is 2-norm of vector x, |x|
is magnitude of scalar x, [·]∗ is conjugate transpose,
and [·]T is transpose.

II. System Model

We consider the scenario depicted in Figure 3.
Let the transmitter and receiver have NTX and NRX

antennas, respectively. We consider the beam training
for one data-stream only and hence one RF chain each
at the transmitter and the receiver. We assume nar-
rowband block fading channel model. Orthogonal fre-
quency division multiplexing (OFDM) can be used to
convert broadband multi-tap channel to single-tap sub-
channels. Let s ∼ N (0, σ2

s) and n ∼ N (0, σ2
n) be the

transmitted signal for maximum mutual information
and the receiver thermal AWGN noise, respectively.
The NTX × 1 radiated signal vector x is given by
equation (1),

x = f(θ)s, (1)

where f(θ) is the transmit analog RF beamforming
vector for angle of departure (AoD) θ. We consider
orthogonal RF beamforming codebooks at transmitter
as well as receiver. Orthogonal RF beamforming code-
books need only phase-shifts for beam steering and the
aperture distribution is not changed [11]. This facili-
tates realisations using analog RF phase shifters with a
constant modulus constraint as amplitude-control is not
needed. Orthogonal beamforming codebooks have the
advantage that they can be specified by a single param-
eter viz. the steering angle [11], [12]. For simplicity,
the uniform linear array (ULA) has been considered
at both transmitter and receiver. For steering the beam
main response axis (MRA) to the direction θ, the RF
beamforming vector for an N element ULA is given
by equation (2),



Transmitter Receiver

MIMO Channel ‘ ’

s rRFCRFC

Analog Phase
Shifters

Figure 3. Tx-Rx System Model for Analog RF beamforming

f(θ)=[1; e−j 2π
λ dsin(θ); ...; e−j(N−1) 2π

λ dsin(θ)]/
√
N.

(2)

As seen in equation (2), entries of transmit
beamforming codebook F are normalised such that
|[F ]m,n|2 = N−1

TX , where [F ]m,n indicates entry cor-
responding to the mth row and nth column of the RF
precoder matrix F having dimensions NTX × NTX

[12]. N orthogonal beams can be formed with an N -
element ULA. The MRAs in u-space corresponding to
these N orthogonal beams are obtained by equations
(3) and (4) for even and odd values of N respectively,
where un = sin(θn) [11].

un = −1 + n
2

N
, n = 0, 1, ..., N − 1 (3)

un = −1 +
1

N
+ n

2

N
, n = 0, 1, ..., N − 1 (4)

For orthogonal beamforming with ULAs, the transmit
and receive RF beamforming codebooks F and W
are unitary discrete Fourier transform (DFT) / Butler
matrices as in equations (5) and (6), respectively.

FF∗ = F∗F = INTX
(5)

WW∗ = W∗W = INRX
(6)

Under ideal conditions i.e. in the absence of re-
ceiver AWGN noise, the received signal y at the output
of the receiver RF chain is given by equation (7),

y = w(φ)Hf(θ)s, (7)

where w(φ) is the receiver RF beamforming / combin-
ing vector of size NRX × 1 for angle of arrival (AoA)
φ. We assume channel matrix H to be of rank one due
to single MPC.

III. Problem Statement

Due to the orthogonality of beams, ideally the
receiver output should be zero for incorrect beam com-
binations. RSSI should be largest for the correct Tx-
Rx beam combination corresponding to the available
MPC in which case the desired signal power will be
detected at the receiver output. Maximum RSSI occures
when w(φ) and f(θ) point along the available MPC
angle of arrival (AoA) φr and angle of departure (AoD)
θt, respectively. In such cases, maximum beamforming
gain G = NTX×NRX will be realised. If there are an-
gular offsets, scalloping loss [15] will be observed. For
analytical simplicity and without the loss of generality,
we assume the former condition such that the combined
beamforming gain (G) is equal to NRX ×NTX .

In practical conditions, the thermal noise will be
present in the receiver. Due to the receiver AWGN
noise, the receiver output of equation (7) gets modified
as in equation (8),

r = y + n = w(φ)Hf(θ)s+ n. (8)

The transmit and receive beams are selected for
the largest RSSI q = |r| as in equations (9) and (10),
respectively.

θt = argmax
θ

q (9)

φr = argmax
φ

q (10)

The signal-to-noise ratio (SNR) at the receiver is
given as SNR = σ2

s/σ
2
n. The noise may cause the

RSSI to be larger for Tx-Rx beam combination not
corresponding to the actual MPC. These events of false
beam selections cause communication rate loss. It is of
practical significance to quatify such communication
rate loss for both exhaustive and multi-level beam
search techniques.

IV. Analytical Derivations

We derive closed-form expressions for the Exhaus-
tive beam search first in subsection IV.I and then for
the Hierarchical beam search in subsection IV.II.

IV.1. Exhaustive Beam Search

Since the noise is i.i.d., the probability of the
correct beam training by selecting correct Tx-Rx beam
combination, from NTX ×NRX possible beam combi-
nations, corresponding to the MPC of the channel such
that RSSI q is maximised can be given by the product
of probabilities for (NTX ×NRX)−1 pairwise correct
beam selections. The problem thus reduces to a two-
dimensional scenario.



We ignore FSPL and other attenuations for the
notational simplicity of this statistical analysis. Thus,
for correct beam selection, receiver output signal r ∼
N (0, σ2

r = G × σ2
s + σ2

n) which contains both the
desired signal and the noise, G = NRX × NTX is
the total beamforming gain. So, for the correct beam
selection, C = |r| is Rayleigh-distributed with its
probability density function (pdf) given by equation
(11),

fC(c) =
c

σ2
r

e−c2/2σ2
r . (11)

For false beam selections, receiver output rw ∼
N (0, σ2

n) with unitary beamforming codebooks. W =
|rw| is Rayleigh-distributed with its pdf given by equa-
tion (12),

fW (w) =
w

σ2
n

e−w2/2σ2
n . (12)

The bivariate probability density function for the
two independent random variables C and W is given
by equation (13),

fC,W (c, w) = fC(c)fW (w)

=
cw

σ2
rσ

2
n

e−c2/2σ2
re−w2/2σ2

n . (13)

Going by the single-shot measurement principle
due to rapidly changing channel, we take only one ran-
dom sample c and w each from C and W , respectively.
The probability of c > w is given by equation (14),

P (c > w) =

∫ ∞

0

∫ c

0

fC,W (c, w) dw dc

=

∫ ∞

0

c

σ2
r

e−c2/2σ2
r

∫ c

0

w

σ2
n

e−w2/2σ2
n dw dc

=

∫ ∞

0

c

σ2
r

e−c2/2σ2
rA dc, (14)

where A is given by equation (15),

A =

∫ c

0

w

σ2
n

e−w2/2σ2
n dw = 1 − e−c2/2σ2

n . (15)

Substituting equation (15) in equation (14) gives equa-
tion (16),

P (c > w) =

∫ ∞

0

c

σ2
r

e−c2/2σ2
r (1− e−c2/2σ2

n) dc

= 1− σ2
n

σ2
r + σ2

n

= 1− σ2
n

G× σ2
s + 2σ2

n

= 1− 1

G× σ2
s/σ

2
n + 2

= 1− 1

2 +G× SNR
, (16)

where SNR = σ2
s/σ

2
n.

P (c > w) of equation (16) gives the probability of
correct beam training for only two beam combinations.
We noted earlier that for NTX ×NRX beam combina-
tions, the probability of overall correct beam training
is given by the product of NTX ×NRX − 1 pairwise
correct beam selections due to their independence. So,
the probability of overall correct beam training Pcbt is
given by equation (17),

Pcbt =

[
1− 1

2 +G× SNR

]N
, (17)

where N = G− 1.
The mean communication rate R (bps/Hz) for

noisy beam training is given by equation (18) ,

R = Pcbt R, (18)

where R = log2(1+G×SNR) is the communication
rate with ideal beam training i.e. without any false
beam selections due to receiver noise.

The above derivation assumed that there is only
one MPC which corresponds to a correct pair of Tx-Rx
beams. For more than one MPC, the beam combination
yielding maximum RSSI will be given to the first
stream/MPC. While doing the beam training for the
first MPC/data-stream, remaining MPCs’ RSSIs will
also be Rayleigh-distributed but with higher power as
compared to the beam combinations which have no
MPC and give only the receiver noise at the output.
Thus, the analysis holds good for multi-MPC scenarios
as well with only trivial difference that due to higher
variance for a few other beam combinations, the prob-
ability of correct beam training will be lower for the
initial MPC as compared to the single MPC scenario.
For THz communications, the first-order and second-
order reflected MPCs are typically 5-10 dB and more
than 15 dB weaker than the LoS MPC, respectively
[3], [4]. Since less number of beam combinations will
be tested for subsequently trained MPCs/data-streams,
chances of false beam selections will be lower for
subsequent beam selections due to reduced exponent
in equation (17).

IV.2. Multi-level Beam Search

For multi-level beam search, let k be the number
of beam-search levels both at the transmitter and the
receiver for simplicity. For given NTX and NRX , k
should be chosen such that it is an integer as it is
the number of levels for the hierarchical beam search.
For the first level, all possible combinations of bt
transmit beams and br receive beams will be tested for
maximum RSSI i.e. k1 = bt×br−1 beam-combination
pairs will be tested where bt and br are kth roots of
NTX and NRX , respectively. If transmitter and receiver
employ different numbers of beam-search levels, say
kt and kr, respectively, then bt and br will be ktht and



kthr roots of NTX and NRX , respectively. Since the
access node typically can have much larger number of
antenna elements as compared to HMD, kt > kr. In
those cases, the receive beam selected for kthr level
will be used for higher levels of transmit beam search.
For notational simplicity and with only trivial changes
otherwise, we go ahead with kt = kr = k.

Since unitary beamforming codebooks are used,
k2 = (bt+1)×(br+1)−1 = k1+bt+br+1 beam com-
binations will be tested for second and further levels to
include beams at both edges of the respective sector.
The receiver noise power remains the same for all the
levels. The signal and noise statistics are the same as
for the exhaustive beam search. The beamforming gain
will be smallest for the first level and progressively
increase for subsequent levels due to increasing number
of switched-on antenna array elements. The combined
BFG for different levels will be G/(btbr)

k−j where j
is the beam search level number. Thus, the probability
for overall correct beam training for tree-based beam
search is given by equation (19),

Ph =

[
1− 1

2 + SNR×G/(btbr)k−1

]k1

×
j=k∏
j=2

[
1− 1

2 + SNR×G/(btbr)k−j

]k2

. (19)

Equation (18) remains valid with Pcbt replaced by Ph.
For NTX = 64, NRX = 8 and k = 3, we get

N = 511 and K = k1 + k2 × (k − 1) = 35 for
exhaustive and multi-level beam searches for the first
stream, respectively. N and k1, k2 are the exponents in
equations (17) and (19), respectively. Since N � K,
we see that noise gets much less chances of causing
false beam selections for multi-level beam search as
compared to exhaustive beam search. Hence, much
higher mean communication rates are achievable with
the hierarchical RF beam training than with exhaustive
beam search. We see that in addition to savings in
training overheads as reported prior to this paper, tree-
based beam search also offers huge savings in com-
munication loss due to false beam training owing to
receiver AWGN noise.

V. Simulation results

The graphical visualisation of receiver thermal
noise causing false beam selections is evident from
Figure 2 of [12], reproduced here as Figure 4 for
convenience. In absence of noise i.e. with ideal beam
training all beam combinations, except 9th Tx beam
and 3rd Rx beam highlighted by a marker in the
figure, should have produced zero output at the receiver
due to orthogonality of the beams. However, random
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Figure 4. Noisy exhaustive beam search; NRX = 4 NTX = 16
[12].
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and finite receiver output power levels or RSSIs are
sensed for all non-MPC beam-combinations due to
noise as seen in the figure. Such noisy false RSSIs
can get higher than the desired/true signal-plus-noise
RSSI for correct beam-combination leading to false
beam selection which doesn’t correspond to an actual
MPC manifesting as communication loss during the
data communication phase.

Reference [12] brought out that, with increasing
MIMO dimensions, noise performance of tree-based
beam search approaches exponentially and asymptoti-
cally that of ideal beam training by virtue of cutting
down the number of beam-combinations to be tested
for maximum RSSI as compared to exhaustive beam
search. The result holds good even for RF beam train-
ing based on Rayleigh-distributed RSSI as only the
expression for probability of pairwise correct beam
training changes in our analysis in section IV.

MC simluations have been completed for lower
array dimensions. As seen in Figure 5, noisy MC simu-
lation results match very closely with analytical results
for noisy exhaustive beam search for low dimension
multiple input single output (MISO) cases. Similar,
results are obtained for low dimension single input
multiple output (SIMO) cases as well. The difference
curve between analytical rates and MC simulation rates
for noisy RF beam training has been explicitly plotted
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Figure 6. Difference b/w Analytical and MC simulation results.

in Figure 6. As seen in Figure 6, a negligibly small
difference is observed due to the statistical noise of
MC simulations. The rate difference is negative at some
points due to rounding/truncation errors as well.

VI. Conclusions

For commonly used I/Q i.e. quadrature receiver
architectures which use Rayleigh-disributed RSSI,
closed-form expressions have been derived for mean
communication rates for noisy exhaustive and hierar-
chical beam searches employing orthogonal RF beam-
forming codebooks. The analytical results have been
validated by MC simulations for low dimensional
MISO/SIMO cases. MC simulations need to be further
performed to validate the analytical results for general
high-dimensional MIMO cases. It is also planned to
practically validate the results using 240 GHz beam-
forming chips of IHP.
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