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Abstract—The influence of self-heating on the static trans-
mission characteristics of depletion-type Si micro-ring modula-
tors (MRMs) is investigated. Self-heating, caused by free-carrier
absorption of the input light inside the doped ring waveguide, in-
creases the effective refractive index of the ring waveguide and
results in the red-shifted resonance wavelength. This phenomenon
is modeled based on the coupled-mode equation with a newly-
introduced self-heating coefficient R. The accuracy of our model is
confirmed by measurement. In addition, dependence of R on device
size and doping concentration is experimentally investigated and
the resulting dependence is explained.

Index Terms—Si ring modulator, self-heating coefficient,
coupled-mode equation, self-heating.

I. INTRODUCTION

O PTICAL interconnects are vigorously investigated as a
solution that can overcome the electrical interconnect bot-

tleneck problem faced by many present-day high-performance
electronic systems. In particular, optical interconnect solutions
based on Si photonics are attracting a great amount of research
and development efforts as they can provide high-bandwidth,
small-footprint, cost-effective solutions along with the possi-
bility for easier integration with mature Si electronics [1], [2].
Since practical Si lasers are not available as of yet, Si modulators
play a very important role for Si photonic interconnect systems.
Among several different types of Si modulators, depletion-type
Si micro-ring modulators (MRMs) based on reverse-biased p-n
junctions are of great interest as they can provide high-speed
operation not limited by injected carrier recombination [3],
[4]. However, depletion-type Si MRMs suffer from self-heating
caused by free-carrier absorption (FCA) of the input light circu-
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lating in modulator ring waveguides [5]. The ring waveguide
effective index increases due to temperature rise caused by
self-heating and the ring resonance wavelength red-shifts, the
amount of which depends on the input optical power. Since
Si MRM characteristics greatly depend on the ring resonance
wavelength, self-heating can strongly influence the modulation
performance and, consequently, its influence must be well un-
derstood and controlled in order to realize reliable and efficient
depletion-type Si MRMs. For this, an accurate and easy-to-use
model of Si MRM self-heating must be established.

In this paper, we investigate the influence of self-heating on
transmission characteristics of depletion-type Si MRMs and
provide an accurate model with the introduction of the self-
heating coefficient, R, which can be easily measured and with
which precise modeling of Si MRM static transmission charac-
teristics at various input power levels can be realized. In addi-
tion, the dependence of R on MRM sizes and doping concentra-
tion are experimentally investigated and resulting dependencies
are explained. This paper is organized in the following man-
ner. In Section II, we briefly review the coupled-mode equation
on which our modeling efforts are based. In Section III, we
introduce the self-heating coefficient and demonstrate that Si
MRM transmission characteristics can be precisely modeled.
In Section IV, the dependence of R on device size and doping
concentration are investigated. Section V concludes the paper.

II. SI MRM MODEL BASED ON COUPLED MODE EQUATION

The dynamic behavior of a ring resonator can be modeled by
the coupled mode equation as [6], [7]

d

dt
a(t) =

(
jωr −

1
τ

)
a(t) − jμEi(t) (1)

Eo (t) = Ei (t) − jμa (t) . (2)

In the above equation, |a(t)|2 represents the optical energy
stored in the ring resonator, Ei(t) and Eo(t) are the input and
the output optical field, respectively. ωr is the ring resonance
angular frequency given as ωr = 2πmc

nr e s L , where m is an integer
representing the resonance mode number, c is the velocity of
light in vacuum, L is the ring circumference, and nres is the
effective index of the ring waveguide at the resonance. τ is the
decay time constant for a(t), and μ represents the change in a(t)
due to the input optical field. Assuming the Si MRM has large
enough Q-factor, which is usually the case for high-performance
Si MRMs, the parameters used in above equations are related
to parameters for the more commonly used MRM round-trip
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Fig. 1. (a) Structure and (b) cross-section of Si MRM.

model [8] in the following manner,

1
τ

=
(2 − α2 − γ2)c

2nL
(3)

μ2 =
(1 − γ2)c

nL
. (4)

Here, α represents the field ratio after one round-trip in the
ring waveguide and γ is the through coefficient in the directional
coupler composed of ring and bus waveguides. These parameters
are graphically represented in Fig. 1(a).

For Ei(t) having exp(jωt) dependence, we can obtain the
steady-state solution for a(jω) as

a =
−jμ

j(ω − ωr ) + 1
τ

Ei. (5)

By substituting (5) into (2) we have
∣∣∣∣Eo

Ei

∣∣∣∣
2

=
(ω − ωr )2 +

( 1
τ − μ2

)2

(ω − ωr )2 + 1
τ 2

. (6)

The numerical value for each parameter used in above equa-
tions can be determined by fitting (6) into the measured trans-
mission spectrum. As an example, Fig. 2(a) and (b) show mea-
sured transmission spectra for a sample Si MRM. As shown in
Fig. 1(b), the device has 220 nm thick Si waveguide above 2 μm
thick buried oxide (BOX) layer and 500 nm wide ring and bus
waveguides. The 100-nm thick SixNy layer is used for defini-
tion of the rib waveguide core. The nominal ratio for N- and
P-region widths is 2:3. All Si MRMs reported in this paper were
fabricated through Si PIC MPW provided by IHP and have the
same device structures except the ring radius, gap distance be-
tween ring and bus waveguides, and doping concentration. The

Fig. 2. (a) Measured broad transmission spectrum of Si MRM. (b) Mea-
sured and calculated transmission spectra without self-heating. For calculation,
extracted parameters given in Table I are used. (c) Measured small-signal mod-
ulation characteristics at five different detuning values. It was measured with
low input power where self-heating effect is negligible.

Si MRM device whose transmission spectrum is shown in Fig. 2
has ring radius of 8 μm, gap distance of 290 nm and nominal
doping concentrations of 7 × 1017 (cm−3) for P-region and 5 ×
1018 (cm−3) for N-region. An Er-doped fiber amplifier is used
for the broadband transmission spectrum shown in Fig. 2(a), and
a tunable laser for the narrow-band spectrum shown Fig. 2(b).
The input optical power is reduced as much as possible in order
to avoid any self-heating for these measurements. For the spec-
trum shown in Fig. 2(b), the optical power injected into the bus
waveguide is estimated 0.025 mW after the coupling loss due
to on-chip grating couplers are calibrated out. Si MRM devices
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TABLE I
EXTRACTED SI MRM PARAMETERS

λr e s (nm) m nre s 1/τ (s−1)
(x1011)

u2 (s−1)
(x1010)

α γ

1553.449 86 2.657814 1.1351 8.0938 0.9669 0.9818

are placed on the probing stage whose temperature is actively
controlled to be at 25 °C.

The transmission spectrum in Fig. 2(a) shows FSR of 12.5 nm,
from which ng , the group index, of 3.84 can be determined.
Fig. 2(b) shows the measured (red circles) narrow-band trans-
mission spectrum for one of the resonance peaks shown in
Fig. 2(a) along with the calculated results (black line) using
the extracted coupled-mode equation parameters. For parame-
ter extraction, the integer value of m, representing the resonance
mode number is determined from the numerical simulation of
the ring waveguide and nres is determined from the measured
λres using λres = L

m nres . Then, τ and u are determined by fit-
ting (6) into the measured spectrum so that the minimum mean
squared error is achieved. Fig. 2(b) shows that measurement and
calculation results agree very well. Table I shows the extracted
values for the coupled-mode equation parameters as well as
converted round-trip model parameters for selected resonance
peak. Although extraction is done for τ and u, α and γ are also
used in this paper since they are more closely related to the de-
vice parameters and allow easier interpretation. Fig. 2(c) shows
the measured modulation frequency responses of the same Si
MRM at several different input wavelengths, which are detuned
from the resonance wavelength by the amount (D) shown in the
figure. The input optical power injected is 0.025 mW. The mod-
ulation frequency response of a Si MRM has been extensively
investigated and there exist several models with which the peak
values and the peaking frequency in the frequency response can
be determined [9]–[11]. Although self-heating does not directly
affect the modulation frequency responses since the time scale
for self-heating is much larger than the modulation time scale
of interest, self-heating strongly influences the resonance wave-
length, which in turn affects the modulation frequency response
[12] as shown in Fig. 2(c).

III. PARAMETRIC MODELING OF SELF-HEATING

As the input optical power becomes larger in the depletion-
type Si MRM, the resonance wavelength shifts to longer wave-
length and the transmission spectrum becomes asymmetric due
to self-heating as shown in Fig. 3, which shows transmission
spectra measured at two different input power levels of 0.025
and 1.000 mW for the sample Si MRM device mentioned above.
Fig. 4(a) shows the measured resonance wavelength at differ-
ent input powers for the same device. The red line in Fig. 4(b)
is linearly fitted to changes in the effective refractive index of
the ring waveguide for different input powers determined from
m λres = nresL, where λres and nres represent the resonance
wavelength and its effective index, and m is an integer. The
change in the effective index is caused by temperature increase

Fig. 3. Measured transmission spectra at two different input powers.

Fig. 4. (a) Measured resonance wavelength and (b) effective index variation
at resonance wavelength at different input optical powers. Also shown in (b)
are estimated effective index variation due to only temperature change and
dispersion.

in the ring waveguide by self-heating as well as dispersion of
the effective index. Or,

Δnres =
δnres

δT
ΔT +

δnres

δλ
Δλres . (7)

The amount of resonance wavelength shift due to self-heating
can be expressed as [13], [14]

Δλres = λres
Δnres

nres
=

λres

ng

δnres

δT
ΔT, (8)
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where ng = nres − λ δnr e s

δλ
. Since it is more convenient to ex-

press Δλres as a function of input optical power, as it can be
directly measured, we can rewrite (8) as

Δλres =
λres

ng
RΔIin (9)

where ΔIin is the input optical power change and R is a newly-
introduced self-heating coefficient. By comparing (8) and (9),
we have

R =
δnres

δT

ΔT

ΔIin
(10)

or R represents the change in nres due to only temperature
change caused by input power increase. As can be seen in (9), R
can be easily determined by measuring the change in resonance
wavelength caused by the input power change with the knowl-
edge of the group index. For the Si MRM device measured for
Fig. 4(a), R = 5.67 × 10−4 (/mW) can be determined using 3.84
for ng . Since the resonance wavelength change is linear for the
input power ranges of interest, measurements at two different
input power levels should be sufficient for R determination. With
this R, we can plot the green line in Fig. 4(b), which represents
the effective index change due to temperature change. The dif-
ference between green and red lines in Fig. 4(b) is the effective
index change due to dispersion, which is shown with a blue line
in Fig. 4(b). Since the sign of dispersion for Si is negative, or
Si refractive index decreases with wavelength increase [15], the
influence of self-heating is somewhat reduced due to dispersion
in Si MRMs.

The optical Kerr effect can also cause linear increase in the
refractive index in Si with increasing optical power. However,
we can easily rule this out for the present investigation since
the observed index change is much larger than the amount
possible with the optical Kerr effect. With Kerr coefficient of
n2 = 3 ∼ 6 × 10−18(m2/W) for Si [16], [17], the amount of
refractive index change due to the Kerr effect in the Si waveguide
in our MRM can be estimated much less than those observed in
the present investigation. We can also estimate the actual tem-
perature increase in the ring waveguide due to self-heating by ap-
proximating δne f f

δT with Γcore
δnc o r e

δT + (1 − Γcore)
δnc l a d d i n g

δT .

Si has thermo-optical coefficient
(

δnc o r e

δT

)
of 1.86 × 10−4/K

[14] and Γcore can be determined to be about 0.72 from
numerical simulation of the ring waveguide. δnc l a d d i n g

δT can be
approximated with thermo-optic coefficient of SiO2, which is
about 1 × 10−5/K [14], [18]. Then, for Δnef f of 5.67 × 10−4

due to self-heating with 1mW input power determined from
Fig. 4(b), there is about 4.1° temperature increase in the ring
waveguide.

The influence of self-heating on the transmission spectrum
is recursive in that self-heating changes the resonance wave-
length, which in turn changes the amount of self-heating at a
given wavelength [19]. This makes it difficult to determine the
exact transmission spectrum including self-heating. However,
since the amount of red shift due to self-heating should be pro-
portional to the optical power circulating in the ring waveguide
for any wavelength near the resonance, we can determine the

TABLE II
EXTRACTED PARAMETERS FOR SI MRMS HAVING DIFFERENT RADII

Radius (μm) Gap (nm) α γ R (/mW) R ratio |Are s |2 ratio

8 290 0.9669 0.9818 5.67E–4 1.00 1.00
12 250 0.9507 0.9708 3.99E–4 0.70 0.69
16 220 0.9323 0.9523 2.96E–4 0.52 0.52

amount of red shift for any wavelength by the following linear
approximation,

Δλλ ∼ Δλres
|Aλ|2

|Ares |2
(11)

where |Aλ|2 represents the optical power inside the ring wave-
guide at λ near resonance. Fig. 3 shows clear definition for
Δλλ and Δλres . From the analysis based on the coupled-mode
equation, |Aλ|2 can be expressed as [7], [19]

|Aλ|2 = |aλ|2
c

nL
. (12)

Assuming the value of n in (12) does not change much for the
wavelength range of interest at a given input power, substituting
(12) into (11), and using (5) for |aλ|2 , we have

Δλλ ∼ Δλres
|aλ|2

|ares |2

= Δλres
(2 − α2 − γ2)2c2

4n2
resL

2(ω − ωr )2 + (2 − α2 − γ2)2c2 (13)

where all the parameters in the equation except Δλres are MRM
parameters determined at low input power without self-heating.
In other words, if we measure the MRM transmission spectrum
at low input power and the amount of resonance wavelength red-
shift due to larger input power, we can determine transmission
spectrum at that larger input power using (13).

Fig. 5(a) shows measured transmission spectra for selected
resonance peak shown in Fig. 2(a) at five different input power
levels and the calculated spectra using (13) with exacted pa-
rameters given in Table I and measured Δλres . As can be
seen, they agree very well, confirming the accuracy of our
model. At higher input optical powers, the transmission spectra
show bi-stability, which is not consider for the present inves-
tigation as bi-stability is not desirable for applications we are
interested in.

IV. DEPENDENCE OF R ON OPTICAL POWER IN

THE RING AND DOPING CONCENTRATION

Fig. 5(a)–(c) show measured and calculated transmission
spectra at different input power levels for three different Si
MRM devices having different ring radii and gap distances be-
tween ring and bus waveguides. These devices have the same Si
MRM structures except ring radius and gap distance. Table II
shows the extracted parameters along with R and |Ares |2 ratios
normalized to the values for 8 um device. As can be shown in
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Fig. 5. Measured and calculated transmission spectra at different input optical
powers for Si MRMs having different radii and directional coupler gap distances,
8 μm and 290 nm for (a), 12 μm and 250 nm for (b), and 16 μm and 220 nm
for (c).

the table, R values differ for different devices. This difference
can be explained by noting that ΔT

ΔIi n
in (10) can be further

expanded as

ΔT

ΔIin
=

ΔT

Δ |Ares |2
· Δ |Ares |2

ΔIin
. (14)

Consequently, Si MRMs can have different R values due to
the difference in |Ares |2 caused by differences in α and γ. From
(5) and (12), we can derive

|Ares |2 =
4(1 − γ2)

(2 − α2 − γ2)2 · Iin (15)

Fig. 6. Measured and calculated transmission spectra at different input optical
powers for Si MRMs having different doping concentration, 7 × 1017(cm−3),
5 × 1018(cm−3) for P-, N-type for (a), 5 × 1017(cm−3), 3 × 1018(cm−3) for
P-, N-type for (b). For (b), 1mW was not included where Si MRM shows
bi-stability.

which can be easily calculated using extracted model param-
eters. The calculated ratios for the optical powers in the ring
waveguide at the resonance wavelength are shown in Table II.
As can be seen, their ratios are almost identical to R ratios, in-
dicating the difference in R values for these three Si MRMs are
purely due to the different amount of the optical power inside
the ring waveguide at the resonance.

Fig. 6(a), (b) show the measured and calculated transmission
spectra at different input power levels for two Si MRM devices
having different doping concentrations. Note that Fig. 6(a) is
identical to Fig. 5(a), two Si MRM devices differ only their
doping concentrations. Table III shows the extracted parameters
along with R and |Ares |2 ratios normalized to the values for
8 um device. Even though the device with lower doping con-
centration has higher optical power inside the ring, both devices
have similar R values. This is due to the doping concentration
dependence of FCA [20], [21], which is related to ΔT

Δ |Ar e s |2
in

(14). This clearly shows that doping concentrations as well as
device structures influence the amount of optical powers in the
ring at the resonance. Consequently, these factors should be
carefully considered in order to have clear understanding of
self-heating.
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TABLE III
EXTRACTED PARAMETERS FOR SI MRMS HAVING DIFFERENT DOPING CONCENTRATION

P/N Doping Concentration α γ R /mW) R ratio |Are s |2 ratio

P: 7 × 1017(cm−3) : 5 × 1018(cm−3) 0.9669 0.9818 5.67E–4 1 1.00
P: 5 × 1017(cm−3) : 3 × 1018(cm−3) 0.9801 0.9831 5.89E–4 1.04 1.79

V. CONCLUSION

We investigated the influence of self-heating on the trans-
mission spectrum of the depletion-type Si MRM. FCA in the
doped ring waveguide causes temperature rise and increases
the effective index, which changes the resonance wavelength
and the transmission spectrum. We introduced the self-heating
coefficient (R), which can be easily measured and with which
changes of the effective index at the resonance wavelength due
to self-heating can be precisely modeled. Although it takes
transmission spectrum measurements at two different optical
input power levels for determining R, transmission spectra as
well as the exact value of Si MRM resonance wavelength shift
can be determined at any input power level with the knowledge
of R as demonstrated in our paper. The accuracy of our model
was confirmed by comparing measured transmission spectra
for several different Si MRM devices with calculated spectra
based on our model. In addition, we clarified the influence
of device size and doping concentration on R. These results
should provide useful guidelines for designing Si MRMs
that suffer less from self-heating. Our self-heating model
should be of great help for precisely understanding Si MRM
characteristics and designing the optimal Si MRM for given
applications.
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